APPENDIX M:

THE APPENDIX OF MATRICES

OVERVIEW:

Before we can start talking about regression, we need

to cover the necessary mathematical background. For

this book, | expect that you have successfully complete
a course in matrix algebra.

This means that you can add and multiply matri-
ces, that you understand matrices are linear transfor-
mations, that you have worked with eigenvalues and
eigenvectors, and that you can calculate the rank and
the trace of a matrix.

All of these topics are important in better under-
standing the mathematics underlying linear models.
Thus, this appendix reviews some of the important parts
from your matrix algebra class, and adds some items
that you may not have had.
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The purpose of this appendix is to provide the necessary matrix background
for this book. Everything here is important at some point in this test. There
will be new things here, in which case you need to learn them. If nothing
here is new, then you merely need to review them to keep them fresh in your
mind.

You should treat this appendix as necessary background knowledge.
Gain it now, if necessary. At the very least, know what is here so that you can
refer to it as you work through the main part of the text.

M.1: Matrix Basics

A matrix is just a rectangular array of scalars. It is used to simplify many
mathematical calculations. Throughout this book, I will use it in such a
sense. The following is an example of a matrix:

35 2
A:[a 1 18] (M.1)

Because a matrix is a rectangular array, it has a dimension. The matrix A
above has dimension 2 x 3 because there are 2 rows and 3 columns. We could
also write this as

Ae M2><3 (M2)

This can be read as “A is a matrix with dimension 2x3” or as “A is an element
of the set of 2 x 3 matrices.” Note that the symbol € means “is an element of”
and M3 is “the set of all matrices of dimension 2 x 3.”
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Also note that the dimension order is very important and is always
written as rows x columns. M,,3 and M,,3 are entirely different sets of
matrices.

A matrix is square if the number of rows equals the number of columns.

That is, B is square if
B e M,y (M.3)

for some number n € Z*. If a matrix is square, the set is often denoted simply
by M,,. The matrix A above is not square because the number of rows does
not equal the number of columns.

I M.1.1 RepreseNTATION The next sections cover the algebra of matrices.
To ease the notation, let me show you two ways of representing matrices.
First, here is matrix A written out.

ap1 42 a1z ot Ay
dpy App dz3z - dpe

A =41 a3 a3 - 43 (M.4)
ar1  Ap2 Ay3 ccc Gye

Note that the subscripts can also use a comma to separate the values. That
is only done, however, when you get to double digits and ambiguity ensues.
For instance, does a4, represent a, 4, or a4 ,? Perhaps it actually represents
a3 47 in a tensor. Who knows when ambiguity enuses?

When we stick to single digits for the indices, commas are dropped.

Note that every element in the A matrix is represented by a lowercase

a and its r, ¢ position in the matrix. This allows us to simplify representation
at times:

A= [aij] (MS)

Here, i is the row index and j is the column index.

Now, with these two representations, we can enter the realm of the
algebra of matrices.
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M.2: Addition

Matrix addition is closed. This means that the sum of two matrices will al-
ways give you another matrix... as long as it makes sense to add two matri-
ces. Two matrices are can be added if they have the same dimension.!

Let A € M,y and B € M, for some values of r and c. A and B are
commensurate and can be summed. Matrix addition is element-by-element
(elementwise) addition. Thus,

ayp+byy app+byy apz+biz oo a+by.

a1 +by ax+by axy+byz o ax +by
A+B=|a31+b31 az+bsy asz+bss - asc+bs (M.6)

arn +br1 ar2+br2 ar3+br3 arc+brc

This can also be symbolized (shortened) as
A+B=|a;+b;] (M.7)

Matrix addition has a zero (additive identity). Itisthe commensurate matrix
with all elements equal to zero:

0=0;] (M.8)

How does it work in addition? Just as you would expect:

a1 +0 a;p+0 a;3+0 -+ a1.+0
a21+0 5122+0 ﬂ23+0 Q2C+O

A+0= ﬂ31+0 ﬂ32+0 LZ33+O a3c+0 =A (M9)
a1+0 a,+0 a3+0 -+ a,.+0

This can also be symbolized (shortened) as
A+0=]a;;+0] =]a;] (M.10)

I leave it as an exercise to prove A+ 0=0+ A = A.

IWhen the matrices have the correct dimension to perform the mathematical operation, they
are called “commensurate.” For addition, commensurate matrices have the same dimension.
For multiplication, the requirement is much different (see M.3).
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Matrices also have an additive inverse.As with scalar arithmetic, a ma-
trix plus its additive inverse equals the zero matrix; that is, if B is the additive
inverse of A, then A+B = 0.

Two things about the additive inverse: First, it is commensurate with
the original matrix. Second, it is unique (just as in scalar arithmetic).

To calculate the additive inverse of A, just negate each element of A.
Thus, if B = [—aij] then B is the additive inverse of A.

Finally, as with all elementwise operations, matrix addition is both
commutative and associative:

e A+tB=B+A

* (A+B)+C=A+(B+C)

In summation, matrix addition behaves like scalar addition, as long as the
matrices are commensurate.

M.3: Multiplication

There are many, many, many types of multiplication with matrices. The one
selected depends on the intention (the need). They include scalar product,
matrix product, Hadamard product (a.k.a. Schur product), and Kronecker
product. As only the first two are typically seen in an undergraduate linear
models course, we will only discuss those two here.

I M.3.1 Scarar Propuct As in arithmetic, the scalar product arose from
needing to repeatedly add a matrix to itself. Thus, instead of writing A +
A+A+A+A+A+A+A, one could write 8A, where 8 is a scalar. This was
quickly generalized to non-integer values for the scalar multiple, just as 3xa
was quickly generalized to things like 4.25 x a.

Scalar multiplication is defined as
CA:[C(Zi]'] (M.11)

Scalar products are commutative. That is, if ¢ is a scalar and A is a matrix,
then cA = Ac. This will come in handy later, so be aware of it. Note that c
does not need to be a natural number.
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associative

distributive

Figure M.1: A schematic designed to illustrate commensurability with matrix multipli-
cation. Note that the “inner” dimensions of the factors must be equal and that the product
dimension is the “outers” of the two factors.

Scalar products are also associative. That is, if ¢ is a scalar, then the
following are equivalent:

cAB
* (cA)B
* ¢(AB)

e AcB=ABc

Scalar multiplication is also distributive over matrix addition. Thus, c(A + B)
cA +¢B.

I M.3.2 Martrix Probuct The matrix product is the multiplication that is
(usually) meant when one just says “matrix multiplication.” Its definition
arises from linear algebra and repeated linear transformations. It has many
nice properties. Calculation is not one of them.

Let us define two matrices A and B such that the number of columns
of A equals the number of rows of B. Their product is defined as

AB = [abij] = [Zaikbk]} (M.lZ)

k

where k ranges between 1 and the number of columns of A. The dimension
of the product is the number of rows of A by the number of columns of B.
That is, let A € M4 and B € M,,,,. Then, one can multiply A and B if
cl =r2. The dimension of the product is r1 x c2. Figure M.1 illustrates this.
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ExampLE 13.1: Here is an example of matrix multiplication. Let us define our
two matrices as

1 2 3
NES o
and
a c
B=|d ¢ f (M.14)
g h m
Let us find the product AB. .

Solution: The first step is to check that multiplying these matrices can be
done. Do the number of columns of A equal the number of rows of B? Note
that A € M;,3 and B € M3,3. Because the “inners” of AB are equal to each
other, the matrix multiplication AB makes sense.

Second, we determine the dimension of the product. It is the number
of rows of A by the number of columns of B: 2 x 3, the “outers.”

Third, since we know the dimension of the product, we just have to
fill in the blanks in the matrix:

AB:[: ~ :] (M.15)

The top-right element in the product matrix is element 1,1. Thus, by our
definition, it equals

aby = [Zﬂlkbkll (M.16)

k
=[ay1byy +aiabyy +ay3b3] (M.17)
—[la+2d +3¢] (M.18)
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The top-middle element, ab,,, is

abyy = {Zﬂlkbkzl (M.19)

k
= [a11b12 +a12bp; +a13b3;] (M.20)
=[1b+ 2e+ 3h] (M.21)

Note what is happening here. The elements of the “top-right” cell is the inner
product of the top row and the right column. Similarly, the bottom-center
element is the inner product of the bottom row and the center column.

I leave it as an exercise for you to finish the multiplication. Here is the
final product:

_|la+2d+3g 1b+2e+3h 1lc+2f+3m

AB = 4a+5d+6g 4b+5e+6h 4c+5f+6m

(M.22)

¢

In scalar arithmetic, we have a multiplicative identity, multiplicative inverse,
and multiplication is commutative, associative, and distributes over addi-
tion. All of these hold for matrix multiplication — except commutativity. In
general, AB # BA, even when the multiplications both make sense.

The multiplicative identity, which we will symbolize by I, has the
property that AT = IA = A.2 Note that I is a square matrix.

If a multiplicative identity exists, then a multiplicative inverse also
exists. The inverse of a matrix A, denoted A1, is a matrix that satisfies these
two requirements:

AA T =ATTA =1 (M.23)
Not all matrices have inverses. Those that do not are called singular. Those

that do are called invertible.

Only square matrices can be invertible. However, not all square ma-
trices are invertible. From linear algebra, a matrix is invertible if and only if
it is square and is of full rank.

2Technically, this statement is only true if A is square. If it is not square, then the two I matrices
will have different dimension. We will restrict ourselves to square matrices. The “generalized
inverse” is beyond the scope of this text.

428



A consequence of this is that a matrix is invertible if its determinant
is non-zero. In general, the calculation of the determinant and the inverse
are computationally intensive. However, they are rather straight-forward for

2 x 2 matrices.

Let A € My,,. Then, the determinant of A is detA = aj1a;; —aja7.

Note that the determinant is a scalar, not a matrix.

Theorem M.1. The inverse of A is

-1 1 [azz —alz]

B detA —anq a

Proof. To prove this, we will show AA™! =Tand A~'A =1

AA-L = a1 412 1 dzp —4ip
a1 a4y detA —dajn] a

_ 1 aip 4aiz|| 422 —412
detA |ap1 anxp|[-a2 a1

1 14y —aipdzr —appdip tapag

1 aj1dz —a12dz1 0

b

=1

11422 — 412421 | 421422 —Ap14d22 —Ad12431 + 11422 |

ayidzz —d12d21 | 0 —d12421 + 11472

(M.24)

(M.25)

(M.26)

(M.27)

(M.28)

(M.29)

(M.30)

Thus, we have shown that AA~! = I. This is one-half of the proof. I leave it

as an exercise for you to prove the second half: A~'A =1.

O]

Note: The reason I provide the mathematics for 2 x 2 matrices is that in
our study of simple linear regression, many of the important calculations

will be done with 2 x 2 matrices. See Chapter 2.
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Note: Formulas exist for 3 x 3 matrices, too. However, once we move
beyond that, hand calculations are time-prohibitive. At the end of this
section, I provide some examples of performing these calculations in R.

Now that we have a mechanism to calculate a multiplicative inverse, let us
see that not all square matrices have one.

ExampLE 13.2: Let A € M,,, be defined as
1 3
N s

Calculate A~L. °

Solution: Let us calculate A~! using our formula,

1 [ a —a
Al= 22 T2 M.32
detA __921 a ( )

Applying this formula is straight-forward:

Al=—

il (M.33)

1] 6 —3]

Yes, the determinant of A isdetA =1x6-3x2=6-6 = 0. Since the deter-
minant is 0, the inverse does not exist (one cannot divide by 0). ¢

Note: What is it about the A matrix that makes it singular? Note that
the second column is just 3 times the first column (or the second row is
twice the first). This means the matrix is not full rank. The columns are
not linearly independent. When we get to using these matrices with real
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data, we will see this as the second column gives us no knowledge about
the world that is not already contained in the first column. The second
column is redundant.

8 o8 o8

So far, we have seen the multiplicative identity and the multiplicative in-
verse. It is time to note that matrix multiplication is not commutative.

Theorem M.2. Matrix multiplication is not commutative. That is, there exist A
and B such that AB = BA.

Note: If A and B are not square with the same dimension, then this state-
ment is trivially true.

Proof. The proof is simple. It is simply a counter-example. Let

5
A= 2 7| (M.34)
and _ )
1 1
B= 11 (M.35)

Note that AB = BA.

Since we have found a counter-example, we have shown that matrix
multiplication is not commutative, in general. O

While technically correct, this proof leaves us feeling a little empty. So we
found one counter-example. Cool beans. But we learned precious little about
commutativity with matrix multiplication. Let us explore a bit and see if we
can determine when matrix multiplication is commutative. We may learn
something interesting.
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Cool beans!

First, let us assume A and B are square and commensurate. This en-
sures that AB and BA can be calculated. For instance, let both be 2 x 2 matri-
ces. Then, AB is

'ﬂn arz||bir bio
AB = M.36
| 421 azz] [bZI bzz] ( )

[a11b11 +a12byy  ayibyp +agaby;
= (M.37)
_ﬂ21bll +axby aybiy+axby;

and BA is
_b11 biz||an a2
BA = M.38
_b21 by [|a21 a2z ( )
_ [by1a11 +b12a21  byyags +biaan | (M.39)
_b21 ay +byray byapy + bzzazz_
_ [a11b11 +a1b12  a12b11 +axaby; ] (M.40)
_ﬂ11b21 +ax by apby + ﬂzzbzz_

By comparing the two product matrices, AB and BA, we can determine an
instance where multiplication is commutative.

For instance, if a;, = a,; = 0 and by, = by; = 0, then the two product
matrices are the same. In other words, if both A and B are diagonal matrices,
multiplication will be commutative. That’s an interesting consequence we
would have missed if we just stopped with our proof.

In fact, it can be proven that multiplication of diagonal matrices is
commutative in general. Kewl!

Theorem M.3. Let A and B be diagonal matrices of the same size. The product is
commutative; that is, AB = BA.

Proof. Since A and B are diagonal and of the same shape, they can be repre-
sented as

ag 0 0 - 0
0 ag 0 -+ 0

A=|0 0 a3 0 (M.41)
0 0 0 - a,
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and

by 0 0
0 b, O
B = 0 0 b3
0 0 0
Their product is
ap 0 0 0
0 a O 0
AB = 0 0 as 0
0 0 0 a,
'albl 0 0
0 a2b2 0
— 0 0 a3b3
0 0 0
Similarly, the product BA is
by 0 O 0
0 b, 0 - 0
BA = 0 0 b3 0
0 0 O b,
blal 0 0
0 b2a2 0
= 0 0 b3[13
0 0 0

Since scalar multiplication (in the cells) is commutative, we have

a b] 0 0
0 a2b2 0

= 0 0 a3b3
0 0 0
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0
0
0

a?l bn

(M.42)

(M.43)

(M.44)

(M.45)
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symmetrize

— AB (M.48)
Thus, we have shown AB = BA for two diagonal matrices of the same size. []

b UL Uy ¥

Finally, I leave it as an exercise for you to prove that matrix multiplication
is associative (when the multiplication can be done). That is, if ABC can be
calculated, then it can be calculated as either (AB)C or as A (BC).

M.4: Other Matrix Terms

There exist other helpful operations on matrices. Already, we have come
across the determinant as being especially helpful in determining if a matrix
is invertible or singular.

Another useful function is the trace. It isjust the sum of the diagonal
elements. That is:

.
tr A = Zaii (M.49)
i=1

The formula is simple... deceptively so. In fact, one may wonder what the
trace actually tells us about a matrix. Well, in general, you will need to revisit
your matrix algebra class notes. In linear models, however, the trace is used
to calculate the number of degrees of freedom (see Section 2.3).

The transpose of a matrix is just the matrix where the rows and columns
are switched. Thus, if B is the transpose of A, then b;; = 4;;. In symbols, we
indicate the transpose as

B=A’ (M.50)

In all cases, A’A and AA’ both exist and are symmetric. Also, the rank of
A’A =rankAA’.

A matrix is symmetric if it is equal to its transpose, A = A’.
[ai]-]: [aji] (M51)

Note that only square matrices can be symmetric. Symmetric matrices have
some nice properties with respect to calculations.

Also note that one can “symmetrize” any square matrix. That is, one
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can form symmetric matrix X from a square matrix A as

a A+A’
)

X (M.52)

I leave it as an exercise to prove that X is symmetric.

One important feature of symmetric matrices is that they can be trans-
formed into a diagonal matrix. If A is symmetric, then there exists a Q such
that AQ is diagonal. Why is this helpful? First, remember that multiplica-
tion of diagonal matrices is commutative. Second, as you will see in the text,
diagonal covariance matrices indicate independence.

This means that any set of variables can be linearly transformed into
a set of independent variables. This fact is the basis for a procedure called
“principal component analysis.”

The j vector is a vector of 1s. It is used to calculate row sums (if pre-
multiplying) or column sums (if post-multiplying). The matrix J is a matrix
of 1s. It does what j does, but puts the sums in a matrix.

The e; vector is a vector of Os, with a 1 in the jth position. It is used in
proofs, as it can be used to select an individual row, column, or element of a
matrix.

The eigenvalues of a matrix A are those values A that solve the equa-
tion Av = Av. The vectors v corresponding to each of the eigenvalues are
called the eigenvectors.

A matrix A is idempotent if AA = A. The trace of an idempotent ma-
trix equals its rank. This is rather important in studying linear models, since
the rank is also the degrees of freedom.

Matrices A and B are orthogonal, A 1 B, if A’'B = 0. That is, if the
inner products of the columns of A and B are orthogonal, then the matrices
themselves are orthogonal.

A matrix P is a projection matrix if it is idempotent. The purpose
of projection matrices is to project a higher space onto a subspace. If P is
also symmetric, it is called an orthogonal projection matrix. This means it
projects the larger space orthogonally (perpendicularly) onto the subspace.
Think of shining a flashlight on a plant. If you put the flashlight directly over
the plant, it will project the plant orthogonally onto the floor. If you do it at
an angle, then the projection is called oblique.

The key in both instances is that you are simplifying a complicated
reality (3-D object) onto a simpler model (2-D shadow).
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positive definite

I M.4.1 Posrtive DErFINITE MATRICES A matrix A is a positive definite (pd)
if ’Aq > 0 for all non-zero vectors q. It is usually difficult to determine if a
matrix is positive definite (pd). However, once you know it is, there are some
important properties, which we look at in the next section (Sections M.5 and
M.5.1).

M.5: Consequences

With these definitions, there are a lot of consequences. Many of which are
important in the study of linear models. This section covers many of them.

First, when taking the transpose of a product, you switch the order of
the multiplication: (AB)" = B’A’. A similar result holds with inverses. The
only difference is that all three inverses must exist: (AB)_1 =B lA°L

Lemma M.4. For any matrix X, the matrix X'X is symmetric.

If you know the determinant of a matrix, you can easily calculate the deter-
minant of a scalar multiple of that matrix.

Lemma M.5. Ifce Rand A € M,,, then detcA = c" detA.

There is a similar result with the trace of a matrix.

Lemma M.6. Ifc€ Rand A € M,, then tr cA =c tr A.

I M.5.1 Positive DeriniTE MATrRICES There are a lot of interesting prop-
erties of positive definite matrices. So, let us break these into a separate
subsection.

Lemma M.7. The diagonal elements of a pd matrix are all positive. That is, let
A € M, be positive definite, then a;; >0, Vi € {1,2,...,11}.

This can easily be shown by letting the q" row vector be e;. The quadratic
form q’Aq would therefore equal the diagonal element at position i. Since A
is positive definite, that element must be greater than 0.

Note that the converse is not true. Just because the diagonal elements
are all positive does not mean that the matrix is positive definite. For an
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example, note

1 1

oo -

is not positive definite. To see this, let q” be the vector [1 —1]. Then

o 1 1)1
qAq=[1 —-1] [1 1] [1] (M.54)
1

=[00] H (M.55)
=0 (M.56)

Since this is not greater than 0, A is not positive definite.

Note that the determinant of this A is 0. This suggests a second conse-
quence: The determinant of a positive definite matrix is positive. This means
all pd matrices are invertible. Similarly:

Lemma M.8. The inverse of a pd matrix is also pd. That is, if A is positive
definite, then so is AL

To see this, ask yourself: What is the determinant of the inverse of a
matrix? How can you use that to show that the inverse of a positive definite
matrix is also positive definite?

Since the determinant of a pd matrix is positive, all of the eigenvalues
are positive. And, since all of the diagonal elements of a pd matrix are posi-
tive, then the trace is positive. Since the trace is used to calculate the degrees
of freedom, the matrix must be positive definite.

If X is a full rank matrix, even if not square, X'X is positive definite.

The converses of the above statements also require that the matrix is
symmetric. Thus, if A is symmetric and all of its eigenvalues are positive,
then A is positive definite.

And, most importantly, the covariance matrix is positive definite if the
design matrix, X, is full rank. Otherwise, it is positive semi-definite and has
a determinant of zero.
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M.6: Statistics in Matrices

In this section, we rewrite some of the equations you learned in your previ-
ous statistics course in terms of matrices. This section is useful for matrix
practice. In all of the following, let Y be a column vector of length n.

2/

Lemma M.9. The sample mean using matrices: Y = %] Y.

Proof.
Y
Y,
1., 1 Y
SiY==[111--1]|¥s (M.57)
n n )
Y?’l
1
:E(1Y1+1Y2+1Y3+---+1Yn) (M.58)
1 n
= RS (M.59)
i=1
=Y (M.60)
O
Lemma M.10. The sum of squared values using matrices: Y'Y.
Proof.
Y
) ¥2
YY=[y19295 - 9al|l . (M.61)
V3
Yn
= (191 + 9292+ 9393+ + Yuyn) (M.62)
n
=) v (M.63)
i=1
O
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Lemma M.11. The sample variance using matrices: 53% = anl (Y -7j) (Y -7j).
Proof.
1 e =
n_l(Y_yJ) (Y-7j) (M.64)
n-y
1 . . I 2Ty
:n_l [yl_y:VZ_y;lB_}/;"';yn—}/;]}23—}) (M,65)
V=9
1 _ _ _ _ _ _
= =P =P+ 2 =P)@2 =)+ A Gu =V @a-Y) (M6
_ 1 - =2
-1 ;(Vl y) (M.67)
O

Lemma M.12. The sample covariance using matrices: s,, = anl (Y -7j) (X -xj).

Proof. This proof echoes the previous proof.

1

1 (Y-7)) (X=%j) (M.68)
X1 -x
1 Xz—y
bl R 2 e E T E R PR el N I B Rl (M.69)
X, — X
1 _ _ — _ — —
=1 01 =9 =T+ 02 =)0 =X+ 4 Gu =P -F) - (M70)
1 v =
= ;@i—y)(xi— x) (M.71)
O
Note that this notation leads to the synonym 532, = syp. It also leads to a nice synonym

proof that the covariance matrix is symmetric.

Definition M.13. Let Y be a random vector (a column vector whose elements are
random variables). The quantity V [Y] is called the variance-covariance matrix of
Y. It is often called just the covariance matrix of Y.
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Lemma M.14. Let Y € M, .. If Y =[Yy, Yy, Y3, ---,Y,], then the elements
of V[Y] are [aij], where o;; is the covariance between Y; and Y; and o;; is the
variance of Y;.

Lemma M.15. Covariance matrices are symmetric.

Lemma M.16. If Y is a random vector and X is not, then V[X'Y] = X'V [Y]X,
assuming the multiplication makes sense (the matrices are commensurate).

440



M.7: End-of-Appendix Materials

I M.7.1 EXERCISES

1.

10.

11.

12.

13.

14.

15.

16.

17.

Prove A+0=0+A =A.

Prove matrix addition is commutative.

Prove matrix addition is associative.

Prove that scalar multiplication is associative.

Prove that scalar multiplication is distributive over addition.

Using a counterexample, prove that matrix multiplication is not com-
mutative when only one of the matrices is diagonal (thus showing that
both must be diagonal).

Let A be any square matrix. Show that 3(A + A’) is symmetric.
Determine the determinant of J;.

Determine the rank of J;,.

Prove that j; j, is not positive definite.

Prove that j{ jio is positive definite.

Prove Lemma M.4.

Prove Lemma M.5.

Prove Lemma M.6.

Prove Lemma M.14.

Prove Lemma M.15.

Prove Lemma M.16.
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